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Abstract. The set of homology cobordisms from a surface to itself with markings of their 
boundaries has a natural monoid structure. To investigate the structure of this monoid, we de- 
fine and study its Magnus representation and Reidemeister torsion invariants by generalizing 
Kirk-Livingston-Wang's argument over the Gassner representation of string links. Moreover, 
by applying Cochran and Harvey's framework of higher-order (non-commutative) Alexander in- 
variants to them, we extract several pieces of information about the monoid and related objects. 



1. INTRODUCTION 

Let Eg 1 be a compact connected oriented surface of genus g > 1 with one boundary com- 
ponent. A homology cylinder (over i) consists of a homology cobordism from i to itself 
with markings of its boundary. We denote by i the set of isomorphisms classes of homol- 
ogy cylinders. Stacking two homology cylinders gives a new one, and by this, we can endow 
Cg^i with a monoid structure (see Section [2] for the precise definition). The origin of homology 
cylinders goes back to Habiro 0, Garoufalidis-Levine ^ and Levine [[T4|. where the clasper 
(or clover) surgery theory is effectively used to investigate the structure of Cg^i. 

By a standard method, we can assign a homology cylinder to each homology 3 -sphere or 
pure string link. Also, for a given homology cylinder, we can use an element of the mapping 
class group of i to construct another one by changing its markings. Since these operations 
preserve each monoid structure, Cg^i can be regarded as a simultaneous generalization of the 
monoid of homology 3-spheres, that of string links and the mapping class group, any of which 
plays an important role in the theory of 3-manifolds. On the other hand, there exists a natural 
way (called closing) to construct a closed 3-manifold from each homology cylinder. Therefore, 
through its monoid structure, Cg i serves as an effective tool for classifying closed 3-manifolds. 

The aim of this paper is to study the structure of i from rather an algebraic point of view. 
We mainly use non-commutative rings arising from group rings to define some invariants such 
as the Magnus representation for Cg i and Reidemeister torsion invariants. Note that our Magnus 
representation extends that for the mapping class group defined by Morita BUI, as the Gassner 
representation for string links due to Le Dimet [[TT| and Kirk-Livingston- Wang [TOl does that 
for the pure braid group. See Birman's book [[T| for generalities of the ordinary (pre-extended) 
Magnus representation, including free differentials. 

After defining invariants using non-commutative rings, we shall need some devices to extract 
information from them. For that, we use the framework of higher-order Alexander invariants 
due to Cochran [2] and Harvey [8, 9J. Higher-order Alexander invariants are those for finitely 
presentable groups interpreted as degrees of "non-commutative Alexander polynomials", which 
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have some unclear ambiguity except their degrees. Historically, they are first defined for knot 
groups by Cochran, and then generalized for arbitrary finitely presentable groups by Harvey. 
Using them, Cochran and Harvey obtained various sharper results than those brought by the 
ordinary Alexander invariants — lower bounds on the knot genus or the Thurston norm, neces- 
sary conditions for realizing a given group as the fundamental group of some compact oriented 
3-manifold, and so on. In the process of applying higher-order Alexander invariants to our case, 
we shall give its slight generalization (called torsion-degree functions) because of the difference 
of localizations of non-commutative rings used in the Magnus representation and higher-order 
Alexander invariants. Then we use it to study several properties of our invariants and relation- 
ships between them, from which we will obtain some information about the structure of Cg^i 
and related 3-manifolds. 

The outline of this paper is as follows. In Section [2l we review the definition of homology 
cylinders as well as setting up our notation and terminology. Sections [3] and |4l which are the 
first main part of this paper, are devoted to define the Magnus representation and study its 
fundamentals, including some examples. In Section [51 we review the theory of higher-order 
Alexander invariants, following Harvey's papers (SI HI, and then define its generalization. In 
Section [6l which is the second main part, we observe several applications of our invariants. 



2. Homology cylinders 

Throughout the paper, we work in PL or smooth category. Let Sg i be a compact connected 
oriented surface of genus g > 1 with one boundary component. We take a base point p on the 
boundary of Sg i, and take 2g loops 71, ... , 72^ of 1 as shown in Figure[I] We consider them 
to be an embedded bouquet of 25f-circles tied at the base point p G 5Sg 1. Then R2g and the 
boundary loop ( of 1 together with one 2-cell make up a standard cell decomposition of 1. 
The fundamental group vtiS^ 1 of 1 is isomorphic to the free group of rank 2g generated 
by 7i, • • • , 729, in which C = HLibi, Ig+i]- 




Figure 1 . A standard cell decomposition of 1 



A homology cylinder (M, i_) {over 1), which has its origin in Habiro [7], Garoufalidis- 
Levine @ and Levine [fT4| , consists of a compact oriented 3-manifold M and two embeddings 



6+, 



dM satisfying that 
(1) i+ is orientation-preserving and i_ is orientation-reversing. 



^Sg,i) and 



(2) DM = Ui_ 
(4) : — > H^{M) are isomorphisms. 
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We denote i+{p) = i-{p) by p G dM again and consider it to be the base point of M. We write 
a homology cylinder by (M, i+, or simply by M. 

Two homology cylinders are said to be isomorphic if there exists an orientation-preserving 
diffeomorphism between the underlying 3-manifolds which is compatible with the embeddings 
of 1. We denote the set of isomorphism classes of homology cylinders by i. Given two 
homology cylinders M = (M, and = (A^, we can construct a new homology 

cylinder M ■ by 

M ■ AT = (M Ui.„(,-^)-i Ar,i+,j_). 

Then Cg^i becomes a monoid with the unit Ic^ ^ := i^g,i x /, id x 1, id xO). 

From the monoid Cg^i, we can construct the homology cobordism group Hg^i of homol- 
ogy cylinders as in the following way. Two homology cylinders M = (M, and A^ = 
(A^, j+, j_) are homology cobordant if there exists a compact oriented 4-manifold W such that 

(1) dW = MU {-N)/{i+{x) = Mx), = X E 

(2) the inclusions M W, N W induce isomorphisms on the homology, 

where — A^ is A^ with opposite orientation. We denote by Tig i the quotient set of i with re- 
spect to the equivalence relation of homology cobordism. The monoid structure of Cg^i induces 
a group structure of Hg^i. In the group Hg^i, the inverse of (M, i_) is given by (— M, 

Example 2.1. For each element (p of the mapping class group Mg,i of S^^i, we can construct a 
homology cylinder G C^, i by setting 

:= (Eg,! X /,idxl,(^ X 0), 

where collars of and i^{T.g^i) are stretched half-way along dT.g^i x /. This gives 

injective homomorphisms Mg^i ^ Cg^i and Mg^i ^ T^g,i- From this, we can regard C^ i and 
Hg^i as enlargements of Mg^i. 

Let Nk{G) := G /{T^G) be the k-ih. nilpotent quotient of a group G, where we define V^G = 
G and PG = [p-'^G, G] for / > 2. For simplicity, we write NkiX) for Nk{niX) where X is a 
connected topological space, and write Nk for Nk{F2g) = Nk(T.g^i). 

Let (M, be a homology cylinder. By definition, : Tii^g,i — ^ niM are both 2- 

connected, namely they induce isomorphisms on the first homology groups and epimorphisms 
on the second homology groups. Then, by Stallings' theorem [20], i+, i- : Nk Nk{M) are 
isomorphisms for each k > 2. Using them, we obtain a monoid homomorphism 

dfc : Cg,i — ^ Aut Nk ((M, t+, t_) ^ o 

It can be easily checked that ak induces a group homomorphism ak : Hg^i Aut Nk. We 
define filtrations of and Tig, i by 

Cg,i[l] := C,,i, CgAk] := Ker (c,,i ^ Aut X,) for A; > 2, 
^9,i[l] :=^9,i' Ker (7^5,1^ Aut AT,) for A; > 2. 
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3. The Magnus representation for homology cylinders 

We first summarize our notation. For a matrix A with entries in a ring R, and a ring homo- 
morphism if : R ^ R' , we denote by '^A the matrix obtained from A by applying if to each 
entry. A^ denotes the transpose of A. When R = ZG for a group G or its right field of fractions 
(if exists), we denote by A the matrix obtained from A by applying the involution induced from 
(x t-^ x~^, X e G) to each entry. 

For a module M, we write M" and M„ for the modules of column and row vectors with n 
entries respectively. 

For a finite cell complex X and its regular covering Xr with respect to a homomorphism 
TTiX — > r, r acts on Xr from the right through its deck transformation group. Therefore we 
regard the ZF-cellular chain complex C*(Xr) of Xr as a collection of free right ZF-modules 
consisting of column vectors together with differentials given by left multiplications of matrices. 
For each ZF-bimodule A, the twisted chain complex C*(X; A) is given by the tensor product 
of the right ZF-module G*{Xr) and the left ZF-module A, so that G^{X; A) and H^{X; A) are 
right ZF-modules. 

3.1. Definition of the Magnus representation for homology cylinders. In what follows, we 
fix an integer k > 2, which corresponds to the class of the nilpotent quotient. The following 
construction is based on Kirk-Livingston-Wang's work of the Gassner representation for string 
Unks in [jlOl. 

Let (M, E Cg i be a homology cylinder. By Stallings' theorem, X^. and Nk{M) are 

isomorphic. Since Nk is a finitely generated torsion-free nilpotent group for each k > 2, we 
can embed ZX^ into the right field of fractions IC^^ := ZNk{ZNf: — {0})^^. (See Section|5l) 
Similarly, we have ZNk{M) ^ ICn,{m) ■= ZNk{M){ZNk{M) - {0})"^ We consider the 
fields JCn^ and JCNt,{M) to be local coefficient systems on S^, i and M respectively. 

By a standard argument using covering spaces (see for instance [ITOl Proposition 2.1], ifTSl 
Lemma 5.1 1]), we have the following. 

Lemma 3.1. i±. : H^.{T,g^i,p]i*^lCN^[M)) H^:{M,p;1Cn^(^m)) (^re isomorphisms as right 
f^Nk{M) -vector spaces. 

Remark 3.2. The same conclusion as in Lemma 13.11 can be drawn for the homology with 
coefficients in any Z7ri(M) -algebra A satisfying the following property: Every matrix with 
entries in Z7ri(M) sent to an invertible one by the augmentation map Z7ri(M) ^ Z is also 
invertible in A. Note that JCn^^m) satisfies this property. 

Since R2g C is a deformation retract, we have 

Hi{Y:g^l,P]i*JCNk{M)) = Hi{R2g,p;i*±)CNk{M)) = Ci{R2g) ®-mR2g i±^Nk{M) = ^N^iM) 

with a basis 

as a right /CAr^(M) -vector space, where 7j is a lift of % on the universal covering i?2g. 

Definition 3.3. (1) For each M = (M, i+, z_) e Cg^i, we denote by r^(M) e GL{2g, ICn^^m)) 
the representation matrix of the right /CAr^(Af) -isomorphism 

^NkiM) - Hl{T.g^i,p]i*_K,Nk{M)) Hi{M,p]K,Nk{M)) "f^ Hi{T.g^i,p;i\ICNk{M)) = ^N^iM) 
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(2) The Magnus representation for Cg^i is the map : Cg^i GL{2g, ICn^) which assigns to 
M = (M, i+, i_) e Cg^i the matrix ^+\'^{M). 

While we call rk{M) the Magnus "representation", it is actually a crossed homomorphism, 
namely we have the following. 

Theorem 3.4. For Mi, M2 e Cg^i, we have 

n{M^ ■ M2) = r,(Mi) • '^'=(^^)r,(M2). 

Proof. We write M = Mi ■ M2 for simplicity. Let i : Mi ^ M and j : M2 ^ M be the natural 
inclusions. Since M = (M, i o j o j_) and ioi_ = j o the map 

Hi(Eg^i,p; j^flCNi^f^M)) Hi{M,p;ICNk{M)) > i+r/C;Vfc(M)) 

is given as the composite of 

Hi{T,g^uP]j*J*K,Nk{M)) ^ Hi{M2,p;j*]CNk{M)) ^ Hi{T,g^i,p]j*^j*K,Nkf^M)) 



and 



Hi{T^g,i,p;i*_i*]CNk{M)) Hi{Mi,p;i*K.Nk{M)) — > Hi{Eg^i,p;i*^i*ICNi,{M))- 

Hence 

ri{M) = %{M,).^t[{M,) 
^ ("+) \'j^{M) = ("+) 'V^(Mi) ■ 'V^(M2) 
- ^-V^(Mi) . ■'^^^-^^rUM2) 



.•-1 , , ^ .--l.- 



= r^(Mi) ■ '-^+ ri{M2) 
=^ rk{M) = rfe(Mi) • '^'=(^i)rfe(M2) 

This completes the proof. □ 
Theorem 3.5. : Cg^i GL{2g , JCni,) factors through Tig^i. 

Proof. Suppose Mi = (Mi, i_) and M2 = (M2, j+, j_) e Cg^i are homology cobordant by 
a homology cobordism W. Let i : Mi — ^> W, j : M2 ^ be the natural inclusions. We 
may assume that Mi U M2 is a subcomplex of W and that W has only one 0-cell p. Since 

ZNk = ZNkiW) by Stallings' theorem, we have }Cn,(w) ■= ZNkiW){ZNkiW) - {0})~\ We 
write 1+ := ioi_^_ = j oj_^_ and /_ := ioi_ = j oj_. Then we have the following commutative 
diagram: 

Hi{J:g^i,p;i*_i*ICN^^w)) = Hi{J:g^i,p; PJCn^^w)) = Hi{'Lg^i,p] j*_j*lCNt,{w)) 



I- 



(.1+)-' 



Hi{Eg^i,p;i*^i*]CNkiw)) = -ffi(Sg,i,p; /+/CiVfc(w)) = Hi{Eg^i,p; jlj*]CNk{w)) 

The left vertical maps give V^(Mi) and the right ones give •'r^(M2). Applying 7^^, we obtain 
rfe(Mi)=rfc(M2). □ 
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Consequently, we obtain the Magnus representation : HgA GL{2g,K,M^), which is 
a crossed homomorphism. If we restrict to Cc,i[A;] (resp. 7ig^i[k]), it becomes a monoid 
(resp. group) homomorphism. 

Example 3.6. For G Mg^i ^ Aut F2g, we can obtain 



where : ZF2g I^N^ C /Catj. is the natural map and d/d'ji are free differentials. From this, 
we see that generalizes the original Magnus representation for A^g,i in [fT6l . 

3.2. Computation of the Magnus matrix. In [jTPl, the Gassner matrix of a string link is com- 
puted from the Wirtinger presentation of the fundamental group of its exterior, which gives a 
finite presentation whose deficiency coincides with the number of strings. Recall that the defi- 
ciency of a finite presentation P = {xi, . . . , a;„ | ri, . . . , r^} of a finitely presentable group G is 
n — m, and the deficiency of G is the maximum of all over the deficiencies of finite presentations 
of G. In our context, we do not have such a useful method in general. 

Definition 3.7. For (M, i^, z_) G Cg^i, a presentation of niM is said to be admissible if it is of 
the form 

(2_(7l), . . . , Z-(72g), Zi,..., Zl, i+(7i), • • • , «+(72g) | • • • , r2g+l) ■ 

Note that there does exist an admissible presentation for each homology cylinder (M, i+, 
Indeed, take a Morse function with no critical points of indices and 3. Then M can be seen as 
1 X / with some 1- and 2-handles. Since the Euler characteristics of Eg i x / and M are the 
same, the numbers of the attached 1- and 2- handles are the same. Therefore the presentation 
of TTiM obtained from a presentation of 7ri(Sg i x /) = F2g with deficiency 2g by adding new 
generators and relations corresponding to the 1- and 2-handles has deficiency 2g again. Our 
claim follows from this. (See also Section [6^ ) 

Given an admissible presentation of ttiM as in Definition 13.71 we define 2g x {2g + I), 
I X {2g + I) and 2g x {2g + I) matrices A, B, C by 



di-i'li) ) l<i<2g ' \dZi J l<i<l ' \(9z+(7i)/ l<i<2g 

l<i<2g+i l<j<2g+/ l<j<2g+l 

at ZNk{M), namely we apply the natural map 

Z(2_(7i), . . . , z_(72g), zi,...,zi, z+(7i), . . . , z+(72g)) ^ ZmiM) ^ ZiVfc(M) 
to each entry of the matrices obtained by free differentials. 

Proposition 3.8. (1) The square matrix '■^ invertible as a matrix with entries in ^^^{m)- 
(2) As matrices with entries in ICn,.(m), we have 



for some 2g x / matrix Z. 
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Proof. (1) Let t : ZNk{M) ^ Z be the augmentation map. \ ^ )■ gives a presentation matrix of 
//i(M)/$+, where is the subgroup ofHi{M) generated by 2+ (71), ... , i+(72c,). (See [4J for 
this fact through the concept of presentations of a pair of groups.) By definition, Hi{M) /$+ = 
0, and we have an exact sequence 



ifi(M)/$+ = 0. 



By the Hopfian property of we see that is invertible. (1) follows from this. (See 

Remark [T2i ) 

(2) Through a standard argument using Eilenberg-MacLane spaces, we can assume that a 
given admissible presentation is obtained from a cell decomposition of M. Then \By gives 



c 



the boundary map C2{M,p; 1Cn^{m)] 
of 1 -cycles, we have 



82 



Ci{M,p; K,is[,.{M))- Considering the correspondence 









/ O2, 




- 0(«,2<;) 


O2, / 


V'kiM) 



'A' 

B \XeCi{M,p;}CM,iM)] 



for some matrix X, where we write Ok and 0(k,i) for the zero matrices of sizes k ^ k and k x / 



respectively. (2) follows from this. 
Note that from (2), we have r^(M) 



-C 



A 



-1 



'2s 



□ 



, namely the Magnus matrix r^(M) 



can be computed from any admissible presentation of 7ri(M). 

Next, we derive a formula for changing a generating system of vtiS^ 1. For a homology cylin- 
der (M, z+, we take an admissible presentation of ixiM as in Definition 13.71 and construct 
the matrices A, B, C as before. Let 7^^, . . . , be another generating system of ttiS^ 1. We can 
take (f G Aut ttiS^^i such that 7- = ipi'ji) for i = 1, . . . , 2g. 

Proposition 3.9. Let r'^{M) be the Magnus matrix corresponding to the new generating system. 
Then 



Proof. We have the following admissible presentation of vtiM with respect to 7^^, . . . , 72^: 



i_(70,...,^-(72g), 
i_(7i),...,^_(72g), 
7riM=( zi,...,zu 

i+(7i),...,z+(72g), 
n(7l),---,n(72g) 



^-(7i)^-(<^(7i))"S • • • , ^-(723)«-(v^(72s))"\ 

• ■■r2g+h 

n(7l)^+(^(7l))"\ • • • , ^+(72g)n(V^(72g))~\ 
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The matrices A', B', C corresponding to this presentation are given by 



B' 



l<i,j<2g 



\ 



O2, 



A 


02, 


B 


0(«,29) 


c - 




V , 



Computing —C 



A' 



B' 



(4(;+«,2g) 



C - (02g 0(2g,2g+/) hg) 

-1 

we obtain the formula. 



□ 



4. Example: Relationship to the Gassner representation for string links 

In [O, Levine gave a method for constructing homology cylinders from pure string links. By 
this, we can obtain many homology cylinders not belonging to the subgroup M.g,i. Also, we can 
see a relationship between the Gassner representation for string links and our representation. 

For a (jf-component pure string link L C x I, we now construct a homology cylinder 
Ml e Cg^i as follows. Consider a closed tubular neighborhood of the loops 73+1, 79+2, • • • , 72g 
in Figure 1 to be the image of an embedding l : Dg ^ 1 of a (7-holed disk Dg as in Figure [2l 




Figure 2. 



Let C be the complement of an open tubular neighborhood of L in x /. For each choice of 
a framing of L, a homeomorphism h : dC ^ d{L{Dg) x /) is fixed. Then the manifold 
obtained from 1 x / by removing L{Dg) x / and regluing Chy h becomes a homology cylin- 
der. This construction gives an injective monoid homomorphism Cg 1 from the monoid 
Cg of (framed) pure string links to Cg ^. Moreover it also induces an injective homomorphism 
Sg Hg^i from the concordance group Sg of (framed) pure string links to Hg^i. In particular, 
the (smooth) knot concordance group, which coincides with Si, is embedded in Hg^i. If we re- 
strict these embeddings to the pure braid group, which is a subgroup of Cg and Sg, their images 
are contained mMg^i. 

By the Gassner representation, we mean the crossed homomorphism r^fc : Cg GL(g, 
^^kiDg)) or ''"G,k '■ Sg GL{g, lCNk(Dg)) given by a construction similar to that in the previous 
section. (In [[TT]| and ifTOl . only rG,2 is treated.) Comparing methods for calculating the Gassner 
and Magnus representations, we obtain the following. 
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Theorem 4.1. For any pure string link L G C„, TkiMA = ( ' 

We mention two remarks about this theorem. First we identify Fg = ixiDg with the subgroup of 
F2g = TTiSg,! generated by 7g+i, . . . , 723. Then the maps Fg = {-fg+i, 723) ^ F23 -» Fg, 
where the second map sends 71, ... ,7^ to 1, show that Nk{Fg) C Nk and }CN,,XFg) C JC^,,,. 
Second, the embeddings Cg ^ Cg^i and Sg ^ Hg^i have ambiguity with respect to framings. 
However we can check that the lower right part of rfc(Mi^) is independent of the framings. 

Proof of Theorem \4J\ All we have to do is to give a suitable presentation of tciMl- We divide 
Ml into two parts M and C as follows. 

We take g points qi, . . . ,qg and g paths Ij from the base point p to qj as in Figure [H 




Figure 3. 

Let M be the union of S^, 1 x I — Dg x I and 2g paths and (j = 1, . . . ,g). Then 

i_(7l),...,i_(7g) 

TTiM-/ H(7i),...,^-.(7.) 

\ t+{lg+l),...,l+{l2g) 

61, . . .,6g,i+{j) 

where 7, = [71, 73+1] ■ ■ ■ [7^-1, 7g+j-i]7j , 7 is the loop corresponding to the outer boundary of 

L{Dg) and 5j is the composite of paths i^{qj)i+{qj) and We denote by C the 

complement of an open tubular neighborhood of L in x / as before. 

TTiC = (i_(7g+i), . . . , ^-(729), zi,..., zi, i+(73+i), • • • , «+(72g) | • • • r-g+z) 

is given by the Wirtinger presentation of D x I — L. We glue C to M by using some fixed fram- 
ing. Then it is easily seen that tti ( Af fl C) is the free group generated by (7g+i) , •••,«+ (723) , 

5l,...,5g,2+(7)}. 

Using the above decomposition, we obtain 

i„(7i),...,2_(7g) 

\ i+(7i),...,2+(7g) 

H(75+l),---,H(72g) 

where 6i are words in z_(73+i), . . . , i_{-f2g),zu ...,zi, ^+(73+1), . . . , ^+(729) which depend on 
the framing. Rewrite the above presentation by using i+(7j)'s and i_(7j)'s instead of i+(7^)'s 
and i_(75)'s. This process does not affect generators i^i^jg+j), Zj,i+{'jg+j) and relations rj. 



Uilg) = i-{lg)Sg 
ri, ■ ..Tg+i 
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From the resulting admissible presentation, we can compute the Magnus matrix of Ml. Then 
our claim follows by comparing it with the method for calculating the Gassner matrix of L from 
the Wirtinger presentation of ttiC, which is given in [,10,1 . □ 

Corollary 4.2. A^g,i is not a normal subgroup ofTCg^ifor g > 3. 

Proof. In [fTOl . they gave 3-component pure string links denoted by L5 and Lq having the con- 
dition that L5 is a pure braid, while the conjugate LqL^Lq^ is not. To show that LqL^Lq^ is 
not a pure braid, they use the fact that rc,2{LQL^L^^) has an entry not belonging to 'LN2{D^). 
Then our claim follows from Theorem 14. 1 1 with respect to this example. □ 

Example 4.3. Let L be a 2-component pure string link as depicted in Figure IH 



«+(73)CJX CJX*+(74) 




«-(73)CJX CJX*-(74) 



Figure 4. 



Then the presentation of t^iM^ is given by 



/ «-(7i),---,«-(74) 
\ i+(7i),...,i+(74) 



n(7i)^-(73)"^H(74)^-(7i)"\ 
[i+(7i),i+(73)]z+(72)2i-(72)"M^-(73),^-(7i)], 
i+{-ii)i-{-i2)i+{ny^z-^, i_(73)i+(73)-ii_(73)-i2;, 



where we use the blackboard framing. We now compute r2(Mi). We identify N2 and N2{Ml) 
by using Using the presentation, we have z = ^-(73) = 73, ^-(74) = 74, ^-{12) = I2I3 and 
i_(7i) = 7173" S4 in N2. Then 



C 



1 -1 73~'-l 








\ 


-1 











-7rS3 1 - ii^iziA^ 


74-' 1 


- 73 














1 


V 72-' 


-1 


73 


73 - 737^7 


/ 1 1-73-1 





\ 




1 










7f 1 - 1 


-1 







\7f I73 1-73" 


1 


-73/ 
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Hence 
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5. Higher-order Alexander invariants and torsion-degree functions 

Here we summarize the theory of higher-order Alexander invariants along the lines of Har- 
vey's papers |[8l|9l- For our use, we generalize them to functions of matrices called torsion- 
degree functions. 

A group r is poly-torsion-free-abelian (PTFA, for short) if V has a normal series of finite 
length whose successive quotients are all torsion-free abelian. In particular, free nilpotent quo- 
tients Nk are PTFA for all /c > 2. Note that every subgroup of a PTFA group is also PTFA. 
For each PTFA group F, the group ring ZF is known to be an Ore domain, so that it can be 
embedded in the right field of fractions /Cr := I^T^ZT — {0})^^, which is a skew field. We refer 
to iQ, ifTTl for localizations of non-commutative rings. 

We will also use the following localizations of ZF placed between ZF and JCr- Let z/; : F -» Z 
be an epimorphism. Then we have an exact sequence 

1 — , (T^ ■= Ker^) — >T — > 1. 

We take a splitting ^ : Z ^ F and put t := ^(1) G F. Since F'^ is again a PTFA group, 
ZF'^ can be embedded in its right field of fractions /Cr^ = ZT^{ZT^ - {0}y\ Moreover, 
we can also construct ZF(ZF'^ — {0})^^ Then the splitting ^ gives an isomorphism between 
ZF(ZF'^ — {0})^^ and the skew Laurent polynomial ring }Cj-^[t^], in which at = t{t'^at) 
holds for each a E JC-p^ . /Cp^ [t^] is known to be a non-commutative right and left principal 
ideal domain. By definition, we have inclusions 

ZF ^ ICr^t^] ^ /Cr. 

IC-pi: [t^] and /Cr are known to be flat ZF-modules. On ICj-i, [t^] , we have a map deg''' : /Cr* [t^] — * 
Z>o U {00} assigning to each polynomial its degree. We put deg'^(O) := 00. By this, IC-pi'lt^] 

becomes a Euclidean domain. The composite ZF(ZF'^ — {0})^^ ^ /Crv- [t^] '^"^ > Z>o U {c>o} 
does not depend on the choice of ^. 

Harvey's higher-order Alexander invariants ^ are defined as follows. Let G be a finitely 
presentable group and let : G ^ Z be an epimorphism. For a PTFA group F and an epi- 
morphism Lfr : G T, {ifr, ^) is called an admissible pair for G if there exists an epimor- 
phism ^ : F Z satisfying Lp = ip o Lpj-. For each admissible pair ((fr, 'f) for G, we regard 
/Cr^/'ft^] = ZiT(ZT^ — {0})^^ as a ZG-module, and we define the higher-order Alexander 
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invariant for [ipr, (p) by 

6t{G) = dim,c^^{Hi{G;lCrAt^])) G Z>o U {oo}, 
StiG) = dim^^,(T^^,[i±]ifi(G;/Cr.[t^])) E Z>o, 

where Tfc^^[t±]M denotes the /Cr^/- [^^] -torsion part of a /Cr^/' [i^] -module M. 6^{G) and 

are called the T-degree and the refined T-degree respectively. (Our definition is slightly different 

from that of [9J.) Note that the right /CpV' [t^]-module Hi(G; /Cp^ [t^]) can be decomposed into 



i/.(G;/C„,n) = (Kr..nrele^;j^ 



for some r G Z>o and Pi{t) G /Cr* [^^]' then 



^^^)^|EUdegnP.W) (r = 0), 
^ loo (r > 0) 



5^(G) = 5^degnp.(t)). 



For a connected space X and an admissible pair {(p^, (f) for tciX, we define 5^ (X) := 5^(7riX) 
and5^(X) :=5^(7riX). 

For a finitely presentable group G and an admissible pair {^pr, ^) for G, the (refined) F-degree 
can be computed from any presentation matrix of the right /Crv- [t"*^] -module Hi(G; /Cr^[t^]). 
Therefore we can consider it to be a function on the set M(/Cr'/' [t^]) of all matrices with entries 
in /Cpv [f^] - Here we extend this function to M(/Cr) as follows. 

First, we extend deg^ : /Crv-it^] — >■ Z>o U {oo} to deg'^ : /Cr — ^ Z U {oo} by setting 
deg^ifg'^) = deg'^l/) - deg'^(^) for / G ZF,^ G ZF - {0} (see for instance P. Propo- 
sition 9.1.1]). It induces a group homomorphism deg'^ : (/Cp)ab Z, where (/Cp)ab is the 
abelianization of the multiplicative group /Cp = /Cr — {0}. 

Since /Cr is a skew field, we have the Dieudonne determinant 

det:G'L(/Cr)-^(/C^)ab, 
which is a homomorphism characterized by the following three properties: 

(a) detJ = 1. 

(b) If A' is obtained by multiplying a row of a matrix A G GL(/Cr) by a G /Cp from the 
left, then det A' = a-detA. 

(c) If A' is obtained by adding to a row of a matrix A a left /Cr-linear combination of other 
rows, then det A' = det A. 

It induces an isomorphism between f('i(/Cr) ^ (/Cp)ab- 

The following lemma will be used in our generalization of Harvey's invariants. We denote 
by M(m, n, /Cr) the set of all m x n matrices with entries in /Cr. 

Lemma 5.1. For A G M(m, n, /Cr) with lankjc^ A = k, let U G M(m — k,m,ICr), V G 
M{n,n — k,]Cr) be matrices satisfying 

UA = 0, rank^Cp U = m — k, 
AV = 0, rankycp V = n — k. 
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For each Id {1,2,..., m}, J C {1, 2, . . . , n} with = m — k, #J = n — k, let Uj denote 
the square matrix defined by taking i-th columns from U for all i & I, and Vj denote the one 
defined by taking j-th rows from V for all j G J. We also denote by Ajcjc the one defined by 
taking i-th rows from A for alii G := {l,2,...,m} — / and then taking j-th columns for all 
JG J^:={l,2,...,n}-J. 

{l)IfUjorVj is not invertible, then Ajcjc is not invertible. 

(2) Otherwise, 

A{A; U, V) := sgn(/J^) sgn( G {IC^U 

is independent of the choice of I and J such that Uj, Vj are invertible, where sgn{IP) G {±1} 
{resp. sgn( JJ'^)) is the signature of the juxtaposition of I and P {resp. J and J^), and we put 
det0 := 1. 

(3) For Pi G GL{m, Kr), P2 G GL{n, ICr), Qi G GL{m - k, JCr) and Q2 G GL{n - k, ICr), 



A{P,-'AP,-';QiUPi,P2VQ2] 



det Pi det P2 det Qi det Q2 
Proof. (1) and (2) are deduced from easy observation using non-commutative linear algebra. 
To prove (3), it suffices to show in the cases where Pi, P2, Qi, Q2 are matrices of elementary 
transformations, and it can be easily checked. □ 

Remark 5.2. In the above situation, the sequence 

> ic^-^ /cp /cp? ic^-'' > 

is exact. By taking the standard basis for each vector space, we regard the sequence as a based 
acyclic chain complex. Then we can take its torsion (see [ITSl . [|2TI for generalities of torsions). 
This torsion coincides with A(A; f/, V) up to sign. 

As seen in Lemma lSTI O). A (A; U, V) does depend on U and V. The following definition 
and lemma give our rule to take U and V. 

Definition 5.3. Let A G M{m, n, ICr) with rank^^r A = k. (f/, V) is said to be ^jj-primitive for 
A if 

(1) U,V have entries in /CpV' [i^]- 

(2) The row vectors ui, . . . , Um-fc G (/Crv[t^])m of U generate KeT{-A) fl (/Cri^[t^])m in 
(/Cr)m as a left JC-pi, -module. 

(3) The column vectors f 1, . . . , f„_fc G (/Cp'* [^^D" of ^ generate Ker(y4-) fl (/Cp^ [^^])" in 
(/Cr)" as a right /Cp^ [t^]-module. 

Lemma 5.4. (1) There exists a pair {U, V) which is ip -primitive for A. 

(2) Suppose U G M(m - A;, m, /Cr^ [t^]) and V G M{n,n - k,ICri'[t^]) satisfy UA = 
and AV = 0. {U, V) is ip -primitive for A if and only if there exist Pi G GL{m, /CrV'[t^]) and 
P2 G GL{n,]Cri'[t'^]) satisfying 



UPl — {0(m~k,k) Im-k), — (0{n-A;,fc) I, 



n~k J 



(3) If {U, V) and {W, V) are -primitive for A, then there exist Pi G GL{m, )Cri'[t'^]), P2 G 
GL{n, JCri' [i^]), Qi G GL{m — k, JCj-i' [t^]) and Q2 G GL{n — k, K^^p [t^]) such that 

UPi = U', P2V = V\ QiU = U', VQ2 = V'. 
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Proof. We prove only for V . 

(1) For right /Cr^. [t^]-homomorphisms (/Crv^ft^])" ^ IC^ ^ K,^, Ker{{A-) o i) = Kei{A-) n 
(/Crv- [t^])"" is a right free /Cp^ [t^]-module of rank n — k. We take a basis t>i, . . . , Vn-k and put 
\^ = (t>i, . . . , Vn-k)- Then satisfies the desired property. 

(2) Suppose V generates Ker(A-) n (/Cr^[t^])". The quotient module (/Cr^ [t^])"/ Ker((A-) o 
z) is /Cr"/" l^"^] -torsion free, and hence /Cp^ [t''']-free. Taking a splitting, we have a direct sum 
decomposition (/Cr^[t±])" = ((/Cr^ Ker((A-) o i)) © Ker((A-) o i). We can extend 
V to obtain a basis {vi, . . . , iT^, \/) for {JC-p^, [t^])". Then P2 := (vi, ■ ■ ■ , Vk, V)~^ satisfies 
P2V = {0(n-k,k) In-kV- The inverse is clear. 

(3) The existence of P2 follows immediately from (2). That of Q2 is also clear since V and V 
are bases of the same right )Cr<p [t"*^] -module. □ 

Definition 5.5. Let F be a PTFA group and let ^/^ : F ^ Z be an epimorphism. 

(1) The torsion-degree function df : M(/Cr) — > Z is defined by 

4{A):=deg^{A{A;U,V)) 
for a pair (U, V) which is z/^-primitive for A. 

(2) The truncated torsion-degree function dp : M(/Cr) ^ Z U {00} is defined by 



df{A) if rankA > m - 1, 
00 otherwise 



for A G M(m,n,/Cr). 

Since /Cp* [t^] is a Euclidean domain, every P e GL(/Cr^ can be decomposed as products 
of elementary matrices and diagonal matrices in GL{IC-pi' [t^]), which shows that deg'^(det P) = 
0. Lemmas [5.11 and \5A\ to gether with this fact show that dp and dp are well-defined. 

Example 5.6. (1) For A G GL(/Cr), we have df,{A) = dp(A) = deg'^(det A). 

(2) Let M be a finitely generated right /Cp^ [t^*"] -module, and let A be a presentation matrix of 
M. Then we have df{A) = dimx:^^ (Tyc^^[t±]M) . As for dp (A), we can see that dj(v4) G Z if 
and only if the rank of the /Cp^ [t^]-free part of M is less than 2. 

(3) Let G be a finitely presentable group. We take a presentation {xi, . . . ,xi | ri, . . . , r^) of G. 

For an admissible pair (ojr, V'), the matrix A := -—^ at /Cp^ [t^l gives a presentation 

yaxj / i<i<i 

l<j<m 

matrix of Hi(G, {1}; /Cpv.[t^]). Then Harvey's invariants are given by 

6t{G) = dim^^^(T^^^[,±]iJi(G;/Cp.[t±])) = d^(A), 

= dim;c,, {H,iG; /Cpv,[t^])) = d^(A), 
where the second equality of each case follows from the direct sum decomposition 

H,{G,{1}; ICr4t^]) = H,{G; /Cp^[t±]) © /Cp^[t±] 
shown by Harvey in (HI. 

Remark 5.7. Friedl (Si gave an interpretation of Harvey's invariants by Reidemeister torsions. 
The definition of our truncated torsion-degree functions has some overlaps with his description. 
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6. Applications of torsion-degree functions to homology cylinders 

In this section, we study some invariants of homology cylinders arising from the Magnus rep- 
resentation and Reidemeister torsions by using torsion-degree functions associated to nilpotent 
quotients A^^ of ttiS^ i. A^^ is known to be a finitely generated torsion-free nilpotent group. In 
particular, it is PTFA. 

Note that we can take a primitive element of if ^(S^ i) instead of an epimorphism Z, 
to define a torsion-degree function since Hom(A'fc, Z) = H^{Nk) = if ^(A'2) = ii^(Sg 1). We 
denote by Piii(Sg 1) the set of primitive elements of H^(T.gi). 

6. 1 . The Magnus representation and torsion-degree functions. First, we apply torsion-degree 
functions to the Magnus matrix. However, it turns out that the result is trivial. 

Theorem 6.1. Let M be a homology cylinder. For any ip G PH^illg i), the torsion-degree 
d%^{rk{M)) is always zero. 

Proof. By definition, d%^ is additive for products of invertible matrices, and invariant under tak- 
ing the transpose and operating the involution. Moreover, it vanishes for matrices in GL{7jNk). 
In [il9il , we show that there exists a matrix J E GL{2g, ZN^) satisfying the equality 



By applying to it, we obtain 2(i^^ (rfc(M)) = 0. This completes the proof. □ 

Example 6.2. Consider the homology cylinder Ml in Example 14. 3 [ (i^^(r2(Mi)) is given by 

the degree of det roiML) = 73+74-^ v^iih. respect to ih. It is zero. 

° ^ ' 7374(73 +74 -1) 

To extract some numerical information from rk{M), we next apply torsion-degree functions 
to i2c, — rk{M). Here we assume M E Cg^i\k] and consider only d^^. The function dj^^{l2g — 
rfc(-)) : Cg_i[A;] ZU {00} factors through Ti^^i sincer^does. Note that for every (M,-i+,2_) E 
Cg^i[k], two inclusions i+ and induce the same isomorphism = i_ : ^ Nk{M), so 
that we can naturally identify them. Under this identification, we have the following. 

Lemma 6.3. Let M be a homology cylinder belonging to Cg^i[k]. 

(1) (1 - . . . , l-72'/)a2,-r ,(M)) = 0. 

(2) ii,g-niM))(£,...,£-Y = 0. 



^ d-yi ' ■ ■ ■ ' 9729 J 

Proof. We take an admissible presentation of ttiM as in Definition 13.71 We also take the matri- 
ces A,B,C E ZNk corresponding to it. For simplicity, we put 1 — 7 := (1 — 7^^, . . . , 1 — 72^^), 

^^:=(l--^^■■■,l--^^)and|^:= (|^,...,^). 

(1) Using Fundamental formula of free calculus (see [[Tl Proposition 3.4]), we have 

(1-4 i-i 1-4) (b \ = 0. 



Then, by Proposition l3.8l 



A 



= =(l-7)(r,(M) Z). 
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Our claim follows by taking their first 2g columns. 

(2) Let G .Mg^i C Cg^i be the Dehn twist along ^. It belongs to the center of Cg i and acts 
on Nk by conjugation x ^ C^^C- Then 

= '^'=(-f')(rfc(rc)-i-rfc(M)-rfc(rc)) 

= (a2,) ■ r,(rc)-i ■ rfc(M) ■ r,{r^) ■ (C'hg) 

where the fourth equality follows from the fact that M acts on Nk trivially. On the other hand, 
it is easily checked that 



nin) = [l2g - ^\T^)^ iChg) 



by using free differentials. Then 



r,(M) = /2, - # (1 - 7) r,(M) hg - §i (1 -7) 



From (1), we see ^ (1 — 7)rfc(M) = ^ (1 — 7). Comparing first columns, we have 
^^(1 - 71"') = r,(M)^^(l - 7^1). (2) follows from this. □ 
Proposition 6.4. If M e Cg^i[k] satisfies rankle {hg — '^'ki.M)) = 2g — 1, then 

ZSl2g - n{M)) = deg^{A{hg - r,(M); 1"=^,^^)). 
Otherwise dj^^{l2g — rk{M)) = 00. 

Proof. By Lemma [63l the rank of l2g — rk{M) is at most 2g — l. The case where rank^Cj^^ {hg — 
rk{M)) < 2(7 — 1 is clear by definition. Suppose that rank^^^ {l2g — rk{M)) = 2g — 1. The task 

-T * 

d 7 



is to show that (1 — 7) and ^ satisfy the conditions (2) and (3) of Definition l5.3l respectively. 

Suppose (1 — 7) does not satisfy (2). Then (1 — 7) can be written as (1 — 7) = fu, where 
u G {ICj^i,[t^])2g and / G lCj^i,[t^] with deg^(/) > 1. Hence each entry of (1 — 7) has degree 

k k ^ 

greater than 0. When A G GL(ZNk), the same holds for each entry of (1 — 7)74 which is 
non-zero. However, if we choose / G Aut F2g such that ^/'(/(7i)) = 0, which does exist. 



(1 - 7r\ • • • , 1 - 7^-/) (^) = (1 - f{li)-\ /(72,)-^), 



a contradiction. Hence (1 — 7) satisfies (2). By a similar argument, we can show that ^ 
satisfies (3), where we use / G Aut F2g preserving ( and the chain rule for free differentials 
(see for instance [1 , Proposition 3.3]). □ 
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Note that dj^^ {l2g — (M) ) does not depend on the choice of the generating system of tti S^, i . 
This follows from the formulas in Proposition |3.9| and Lemma lSTl G). In Section [6.3.3l we will 
see some examples showing that our invariants are non-trivial at least in the case of A; = 2. 

6.2. A^fc -torsion and torsion-degree functions. For a homology cylinder M = (M, G 
Cg^i, we put S+ := i). Since the relative complex C^,{M, S+; IC^^^i^m)) obtained from any 

smooth triangulation of {M, E+) is acyclic by Lemma [STl we can consider its Reidemeister 
torsion r(C*(Af, S+; fCN^iM)))- 

Definition 6.5. The N^-torsion of a homology cylinder M = (M, G Cg^i is given by 

rjv,(M) := *"r(C,(M,S+;/Cjv,(Af))) G iri(/C^J/(±iVfc). 

Recall that Reidemeister torsions are invariant under subdivision of the cell complex (M, S+) 
and simple homotopy equivalence. 

Now we consider r^r^ (M) more closely. First we give a cell decomposition of dM = i U 
(— i) by pasting two copies of that of i in Figure [TJ We denote by i?^ the subcomplex 
i+{R2g)- Take a triangulation of dM by refining the cell decomposition, and extend it to one of 
M. Then 

r(a(M, R%- /C^,(Af))) = r(a(S+, /C^,(m))) ■ r(a(M, S+; /C;v,(m))) 

= r(a(M,S+;/C^,^(M))) 

by the multiplicativity of torsions and the fact that S+ is simple homotopy equivalent to i?^^. 

Starting from a 3-simplex of M facing the boundary, we can deform M onto a 2-dimensional 
subcomplex M' by a simple homotopy equivalence keeping the 1 -skeleton of M invariant. Then 
r(C4M, i?+ ; K,Nk{M))) = r{C^{M', i?+ ; /CAr^(M)))- Next, we take a maximal tree T of the 1- 
skeleton of M' and collapse it to a point. This process also preserves the simple homotopy type 
of (M', i?+ ), so that TiC,iM',Rtg; JC^.iM))) = t{C,{M' /T, RtJ{T n Rtg); K-N^iM))). 

Consequently, riv,(M) = ^iV(C,(M7T, i?+ /(Tni?^^); /Cjv,(Af)))- M'/T is a 2-dimensional 
cell complex with only one 0-cell, and R^g/ (T fl i?^) is a subcomplex consisting of one 0-cell 
and 2g 1-cells. The pair [M' jT^ R^g/ (T fl R^g)) gives an admissible presentation 

(2_(7l), . . . , i-{l2g), Zi,...,Zi, Z+(7l), . . . , i+il2g) kl, • • • r2g+l) 

of TTiM. For this presentation, we take the matrices A, B,C G M{ZNk) as in Section [J!2l Then 

T^,{M)=^-^\{a{M'/T,Rtg/{TnRtgy,K:^,iM))) = 

Note that the matrix ( ^ ) is a presentation matrix of Hi{M'/T, Rtg/{T n R^g); ZNk{M)) = 
H,{M, S+;ZiV,(M)). 

Since multiplying an element of ±Nk does not contribute to the degree, we have 

for each ip G PiJ^(Sg i). From this, we see that d%^{TM^{M)) can be computed from any 
admissible presentation of niM. 
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Proposition 6.6. Let Mi = (Mi, z+, z_), M2 = (M2, j+,J-) e Cg^i. Then 
holds for every ip G PH^{T,gi). 

Proof. We take an admissible presentation of ttiMi and the matrices Am^, Bmi,Cmi corre- 
sponding to it. We denote this presentation by 

for short. Similarly, we take an admissible presentation 

of niM2 and the matrices Am2, Bm2, Cm2- Then we obtain an admissible presentation 

7ri(Mi-M2) = {j-{^),w,j+{^),i-{^),^,i+{^) \ ^, j+( 7')z_( 7')"\ T") 
of 7ri(Mi ■ M2). The corresponding partial matrix ( ^"1^ "^^ j at ZNk{Mi ■ M2) is given by 



rAM2 





\ 


^Bm2 








^Cm2 












Mm, 


V 





'BmJ 



where i : Mi Mi ■ M2 and j : M2 — Mi ■ M2 are the natural inclusions. From this, we have 



<(r^,(Mi-M2))=rf 



^Mi-M2 
Bmi-M2 



d 



Nk 



Am, 

Bmi 



Am, 



d 



N,. 



Am2 
Bm2 



Bmi , 



A/2 



= <^(r^,(Mi)) + <:-^^^^^^(r^,(M2)). 
This completes the proof. 

Remark 6.7. Proposition 16 . 61 can be seen as a generalization of [fT2l Proposition 1.11]. 



□ 



6.3. Factorization formulas. 

6.3.1. The Nk-degree for the closing of a homology cylinder. For each homology cylinder M = 
(M, we can construct a closed 3-manifold defined by 

Cm ■= M/ = i-{x)), X E S^^i. 

We call it the closing of M. It is easily seen that if M G Cg^i[k], we have the natural isomor- 
phisms Nk = A^fc(Sg,i) = Nk{M) = NkiCu)- Here we identify these groups. 
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Theorem 6.8. Let M = {M,i+,i^) e Cg^i[k]. For each e PH^{Nk), we have 
S^SCm) = d%^{T^,{M)) +4,(^2, - r,(M)) G Z>o U {oo}. 



Proof. Take an admissible presentation of vtiM as in Definition 13 .71 and construct the corre- 
sponding matrices A, B,C E MCZNk). 

Adding 2g relations = (j = 1, • • • , 2(7) and deleting the generators by 

using them, we obtain a presentation of tiiCm- From this presentation, we have a presentation 
matrix J^m of Hi{Cm,P; '^N^) given by 

'A + C\ _ fhg - n{M) -Z\ fA' 



J. 



Cm 



where the second equality follows from Proposition 13 .81 Since ( ^ ) is invertible in fC 

rank/c Jcm = rank/c^^ ["^^ „ '"fc(^) ^ j ^ rank/c {hg - rk{M)) + I < 2g + I - 1. 

\ ^{l,2g) il J 

Hence to show our claim, it suffices to prove the case where this value is just 2g + I — 1 (see 
Definition[53](2)). 

By Fundamental formula of free calculus, we have 

(13^ jc„ = (i- 7r\.. .,1-72"/, ^r')'^c„ = o. 

On the other hand, we have 

by Lemma [63] (2). Then we can define A {Jcm'j^j A^)' where we put 



Lemma 6.9. /x belongs to {ZNkf3+\ 



Proof. Recall that ( ^ ) is a presentation matrix of Hi{M, S+; ZA^^), so that we have an exact 
sequence 

(A\. 

> {ZNkY3+i All^ {ZNkYs+i , Hi{M,^+;ZNk) > 0, 

where the injectivity of the second map follows from the fact that Hi(M, JC^J = 0. Hence 

T 

to prove the lemma, it suffices to show that the third term (ZA^fc)^^+' = 

Ci(M, S+; ZNk) is mapped to G Hi{M, S+; ZNk). In the exact sequence 

> CiiJ:+,p;ZNk) ^ Ci(M,p;ZiVfc) > Ci(M, S+; ZAT^) > 0, 

-T 



the cycle 0(i,z)) is attained by 0(i,z) 0^i,2g)) E Ci{M,p-ZNk) = {ZN^fa+i 

©(ZA^fc)^^. Then by observing the boundary corresponding to the relation 

9 / 9 

\\[i+{-ij),i+{-ig+j)] JJ[i_(7j),«-(7s+j)] 
j=i \j=i 
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T T 

we see that {j^ 0(i,/) 0(i,2g)) is homologous to {^{i,2g) ^) , which comes 

from Ci(S+,p; ZN^). Our claim follows from this. □ 

Now we continue the proof of Theorem I6.8[ We can show that fi) is ^-primitive for Jcj^j 
as in the proof of Proposition l6.4[ Then We have 



= A [l2g - niM); r=^,y^) ■ det . 



From the above argument, we obtain 

4, (Cm) = 4, (Jcm) = deg^ (A (Jc,/,^, /i)) 

= 4,(/2,-r,(M))+<(r^,(M)). 
This completes the proof. □ 

Remark 6.10. When M e Cg^i[k] fl Mg^i, hg — r^iM) itself gives a presentation matrix of 

Hi{Cm,P; ZiVfc). Hence we have ^^(C'a/) = d^^^ihg - rk{M)), and moreover 6%^{Cm) = 
d%f^{hg - rk{M)) for this case. 

6.3.2. The Nkx-degreefor the mapping torus of a homology cylinder. Given a homology cylin- 
der M = {M,i^,i_),we have another method for obtaining a closed 3 -manifold Tm as follows. 
First we attach a 2-handle I x D'^ along / x i), so that we obtain a homology cylinder 

(M', i'^, i'_) over a closed surface Eg, which corresponds to the embedding Hg i ^ T.g. Then 
we put 

TM:=M'/{t'4x)=t'_ix)), xeT^g 

and call Tm the mapping torus of M. Indeed, for G C C^^i, the resulting manifold 

Tm^ is the usual mapping torus of extended naturally to the mapping class of S^. If we 
take an admissible presentation of vtiM briefly denoted by 7^), ^,2+ (7*) | ~r), then a 
presentation of hiTm is given by 

-kiTm = {i^{^),^,X,i+{^) I r',nf=i[^-(7j),^-(73+j)],^-(^)Ai+(^)"^A-^), 

where A is the loop / x {p} c / x c Tm- If M G Cg,i[A;], we have natural isomorphisms 
Nk{T,g) = Nk{M') and Nk{TM) = Nk{T.g) x (A). Note that these groups are torsion-free 
nilpotent. We consider Nk(T.g) to be a subgroup of Nk(TM)- For simplicity, we denote Nk(T.g) 
by Nk,o and Nk{TM) by A^fc^^- 
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We can show that H^(M, ^^(Sj, i); JCn^t) — (^^^ Remark [3^ . Hence by a similar argu- 
ment, the Magnus representation r^ x '■ Cg^i GL{2g, ICn^ j) and the Nk x-torsion 

TN.JM) := r(a(M,S+;/C;v,,J) G K,{ICN,,^)/{±Nk,T) 

are defined. Then we obtain the following factorization formula of the A/'fc^T-degrce for the 
mapping torus of a homology cylinder. 

Theorem 6.11. Let M e Cg^i[k]. For each primitive element ip G H^{Nk^x) = H-^{Tm), the 
Nk^T-degree 6^^^(Tm) is finite, and we have 



Proof. The first assertion is a slight generalization of [8, Proposition 8.4], and we now follow 
the proof. Let ^ G H^{Tm) be the Poincare dual of the surface = This gives 

ih 

an exact sequence 1 Nkfi — * Nk^r — > Z — > 1. Then our claim is proved by showing that 
8p^^ ^ (Tm) is finite for this ip- 

Let {TM)Nk T be the A^^^T-cover of Tm, and let (Tm)^ be the Z-cover of Tm with respect to 
■ip- {Tm)^ is the product ■ ■ ■ ■ M' ■ M' ■ M' ■ ■ ■ ■ of countably many copies of M' , and (Tm) a^^ j. 
can be regarded as the A^fc,o-cover of {Tm)'4,- Then 

H,{Tm; IC^i, [t^]) = H,{C,{{Tm)n, ^n, , ZNk,T{^Nk,o - {0})-') 
^ H,{C,{{Tm)n,,^) ®7v,,o ZiV,,o(ZiV,,o - {0})-^) 

= H^{C.^{{{TM)^lj)Nk.o) ®Nk,o ^NfJ 

= H^{{Tm)^ij'-, ). 

k,T 

Here we remark that the image of the composite 7ri((TAf)^) t^iTm N^^t is contained 
in Nkfi- The same holds for the composite niM' ttiTm N^^t- We also remark that 

We denote by S again for a lift of S C Tm on {Tm)^- We divide {Tm)^ at S, and obtain 
two parts (Tm)J and (Tm)^. Then (Tm)J = lim^(M')', and the inclusion S (M')' induces 
an isomorphism on homology. We can show that H^{{M')\ S; /C^^ ) = by the same way 

k,T 

as mentioned in Lemma [3ll Thus H^{{Tm)% S; /C^^ ) = lim H^{{M')\ S; /C^^ ) = 0, and 
therefore H^{{Tm)jIj, S; /C^^^ ) = 0. This shows that 

H^{Tm]KLj^^ [t^]) = H^{{Tm)-4,]K,j^^ ) = H^{Tj]K,j^^ ) 

"k,T "k,T ^^k,T 

is a finite dimensional /C^v -vector space, so that 8^^ j,{Tm) is finite. 

To show the second assertion, we take an admissible presentation of niM, and construct the 
matrices A, B,C G ZNk^r as before. From the presentation, we have a presentation matrix Jtj^.^ 
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of Hi {Tm, p; ZNk,T) given by 

/ A 

B 



Tm 



4C 

d 7 





-T 



0(l,2s+/) 



-(1-7) 

V C 0(23,1) -X-^hgJ 

where 7^ := «+( 7^) = i_( 7^). We remark that A belongs to the center in N^^t- As presentation 
matrices of Hi(Tm, p; ZN^^t), this matrix is equivalent to the square matrix 



J>-p 



B 



d 7 

0(U) 



V-(1-7)AC / 
By Proposition [321 Lemma [63] and Fundamental formula of free calculus, we have 
/ 



J' 



A + \C 

r^) (^) ) 



d 7 





2s 



\rk,T{M) 







-xz 

a 7 



(«,2g) 







V A(l-7) A(l-^) / 



.0 



(1,29+/) 1 



Note that (^) 



A 0, 



(29,1) 



s 0{!,i) ) is invertible in JCn^t- Then it is easily checked that 

0(1,29+0 1 



(1-7 1-^ l-A-')4„ 



-1- 



0, 

-T 



(^ 0(1,0 =0. 



We put (1-7 1-^ 1 - A^^) and /I := (^) (|£ 0(i,;) A^^ - 1) . As in Propo- 
sition l6.4] and Lemma [6^ we can show that Jl) is ^/'-primitive for J^^. Then 

= deg^ (a (4..(I)"e,(I)/lVdet(I)^ 



: deg'^ A 
: deg'^ ( det 



'h, - Xr.^AM) -XZ ^ \ 







(',2g) 







VV A(l-7) A(l-^) / 





\ 




■det (J) 


I ) 





^23 



Ar,,T(M) -AZ 







{^,29) 



•A-^(l-A-i)-^-det(^) 



:deg'^ (det(/23 - Ar,,T(M)) • A-i(l - A-i)-^ . det (^)) 
:deg^(det(/23 - Arfc,T(M))) + deg'^(det(r;v,,,(M))) - 2|^(A)|. 



THE MAGNUS REPRESENTATION AND HIGHER-ORDER ALEXANDER INVARIANTS 



23 



This completes the proof. □ 

6.3.3. The case ofk = 2 {commutative case). Since ZN2 = ZA^2(Sg) and K.N2 = ^N2(T.g) are 
commutative, we can use the ordinary determinant for computation. Moreover, we can obtain 
some invariants before taking degrees. For example, define 



A(M) := (-1)*+^ ^--Jl "^''^>> 



(i-7r')(l^) 



where v4(j is the matrix obtained from a matrix A by removing its i-th row and j-th column. 
A(M) is well-defined by Lemma [STl Note that this invariant is based on that for string links 
given in [lOJ, and we call it the Alexander rational function of M. 

Theorem 6.12. Let M G Cg^i [2], and let Ac\.j, Atj^j be the Alexander polynomials of Cm, Tm, 
respectively. Then 



Ac,, =r^,(M)-A(M), 



At,, = TN^M) ■ det{hg - Ar2,T(M))-(l - X^^)-^, 

where = means that these equalities hold in ICn2 <^nd ^n2{Tm) W and ±N2{Tm) re- 
spectively. 

Proof. We prove only the first assertion. The proof is almost the same as that for Theorem 

16.81 under the following remarks. We follow the notation used there. We may assume that 

rankle -Jcm = rank/c^^ r2(M) + l = 2g + l-l. 

By definition, Ac„ is the greatest common divisor of {det JcMiij] }i<j,j<2g+«- We show 
that it is nothing other than 



A:=A(^Jc,-il^ i:^),{iy'[§ 0(1,)) )=det(^)-A(M). 



-T 



As seen in Lemma O (i) ^ 0(1,^)) is a vector in (ZiV2)2^+'. If A is in ZN2, it 

attains the greatest common divisor. To show it, suppose A = hi/h2 where hi G ZA^2 and 
/i2 G ZN2 — {0} are relatively prime. From the definition of A, we have 

(1 - (© ^1 



ho 



Hence /i2 is a common divisor of |(1 ~" li ^) | ^^'^ That is, /i2 is a unit in 

ZiV2. 

det (^) G /C7V2 (up to ±N2) does not depend on the choice of an admissible presentation, 
and it gives tn2{M). Indeed the matrix (^) is a presentation matrix of Hi{M, S+; 'ZN2), and 
its determinant gives a generator of the 0-th elementary ideal, which is principal and invariant 
under Tietze transformations. This completes the proof. □ 

The formula in Theorem 16.81 holds as elements of Z U {00}, so that the additivity loses its 
meaning when the value is 00. Note that (Cm) = cxd if and only if dj^^ {l2g — rk{M)) = 00, 
and this occurs when Hi(Cm] ^/v'/'[^^]) has a non-trivial free part. The following are some 

k 

examples of homology cylinders which have non-trivial Alexander rational functions. By using 
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Theorem l6.15l in the next subsection, we obtain many situations where the formula sufficiently 
works. When A; > 3, the computation becomes quite difficult in general. 

Example 6.13. Assume that g = I. The Dehn twist G belongs to Ci i[3]. Then, we 

have 



Then A(r^) = 1 G which is non-trivial. 



7/ + 72 ^ - 7i S2 ^ 



-1 + 272-1 -72^' 



1 - 271-1 + 7^-2 2 - 7,-1 - 72-1 + 7rS2"' 



Example 6.14. Assume that g > 2. Let ri, r2 and be Dehn twists along simple closed curves 
ci, C2 and C3 as in Figure [51 




Figure 5. 

Then tiTj-i, G Cg^i[2]. By a direct computation, we can check that A{tiT2^ ■ r^) = — (71 — 
1)29-2, although A(rir2-i) = A^t^) = 0. 

6.4. A'^fc-torsions and Harvey's Realization Theorem. By Proposition 16. 6[ the degree of the 
A^fc-torsion gives a monoid homomorphism 

<(^^.(-)):C,,i[2]^Z>o 

for each ip ^ PH^{^g,i) and an integer /c > 2. To see some properties of these homomor- 
phisms, including their non-triviality, we use a variant of Harvey's Realization Theorem in 
[[8 , Theorem 1 1 .2] which gives a method for performing surgery on a compact orientable 3- 
manifold to obtain a homology cobordant one having distinct higher-order degrees. 

Theorem 6.15. Let M G Cg^i be a homology cylinder. For each primitive element x o/i/i(Sg 1) 
and any integers n > 2 and k > 1, there exists a homology cylinder M' such that 

(1) M' is homology cobordant to M, 

(2) 4^ {tn, (M')) = < {tm, (M)) for2<l<n-l, 

(3) <„(r;v„(M')) > <„(r^„(M)) + k\p\ 
for any ip G PH^{^g,i) satisfying ip{x) = p. 

Proof. The proof is based on Harvey's proof of Realization Theorem in [[8l Theorem 11.2]. 
However, since we now use the lower central series instead of the rational derived series, we 
can shorten the argument. 

We take a loop representing x G 1), and denote it by x again. We also take a loop 7 

whose homology class in 1) is independent of x. 

We attach a 1 -handle to M x {1} c M x /, and then attach a 2-handle to obtain a 4-manifold 
W. Here the 2-handle are attached along the loop a[X„_i, A^+i], where a G ttiM is a loop 
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corresponding to the added 1 -handle, and A^+i G niM are inductively defined by 

Xi = t+{x), Xi = [z+(7),Xn] for / > 2, 
Ai = a, Ai = [i+{x), Ai^i] for / > 2. 

It is easily seen that Xi E r'(7riM) — r'+^(7riM). M' is defined as another part of dW, namely 
dW = M U M' and M n M' = dM = dM' . From the construction, we have H^{W, M) = 
0. We also have H^{W,M') = by using the Poincare-Lefschetz duality and the universal 
coefficient theorem. Hence (M', i+, i_) G Cg^i, and it is homology cobordant to M. Stallings' 

theorem shows that Ni ^ Ni{M) Ni{W) <- Ni{M') 4^ Ni are all isomorphisms. Using 
them, we identify Ni, Ni{M), Ni{M') and Ni{W). 

For simplicity, we put if; := JC^^t^] = ZNi{ZNf ~ {0})-\ Recall that if, (M, S+; /C^vJ = 
H^{M', S+; /CatJ = as in Lemma O By the same proof, we have H^{W, S+; /CatJ = 0. 
Hence H,{M,J:+]Ki),H^{M',J:+;Ki) and H^{W,J:+;Ki) are all finite dimensional /C^,^- 

vector spaces. As seen in Section \6?2\ d% {tn^{M)) = dim/c Hi{M, E"*"; Ki). If we take an 

admissible presentation of tti A/ and the matrices A,Be ZN^ as before, (^) gives a presenta- 
tion matrix of Hi{M, S+; Ki). Then one of Hi{W, S+; Ki) is given by 

^ * 

B 



U(l,2g+Z) 9^ 



SO that 



By a direct computation, 

^^^i^^^^a^ = 1 + « {(1 - + - . 

When 2 < / < n - 1, we have X„_i = Ak+i = 1 e Ni, so that = 1, and 

i7i(M, S+; ^ S+; Ki). When / = n, we have X„_i ^ A^+i = 1 G X,, so that 

""'^l'^""^^ = 1 + (^n-l - 1)^ = 1 + - 1)(X - A,^,)^ 

= ■ ■ • = 1 + (X„_i - l)(x - - Afc) • • ■ (x - A2), 



and 



(/e + l)|p| (n = 2) 



da 



In each case, dim^ ^ //^(W^, S+; iT^ > <Jr^„(M)) + A;b|. 

By considering the dual handle decomposition, we see that W is obtained from M' x / by 
attaching a 2-handle and a 3-handle. Hence Hi(M', S+; ii";) Hi{W, S+; i^'/) is an epimor- 
phism. In particular, when / = n. 

It remains to proof that the map Hi{M', S+; Ki) Hi{W, E+; Ki) is injective when 2 < 
/ < n — 1. We now show that H2{W,M';Ki) = 0. By the Poincare-Lefschetz duality, 
H2iW, M'; Ki) = H^W, M; Ki). On the other hand, it is easily checked that Hq{W, M; Ki) = 
Hi(W, M; Ki) = H2iW, M; Ki) = 0. Then the universal coefficient spectral sequence (see 
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ifBl Theorem 2.3]) shows our claim. Consequently, Hi{M,^+;Ki) = S+; fsT;) = 

Hi{M',J:+;Ki) and (r^v^ (M') ) = (r^v, (M) ) . This completes the proof. □ 

Corollary 6.16. For any ip G PH^CEg i), the maps {d%^{TN^{-)) : Cg_i[2] — > Z>o}fe>2 are all 
non-trivial homomorphisms, and independent of each other. 

In fact, we can show it by constructing homology cylinders that are homology cobordant to the 
unit 1- From this we see that Cg,i[2], Cg,i[3], . . . , Ker(Cg,i Ti-g,i) are not finitely generated 
monoids. Note that d"^ {tn^{M)) = if M G M.g,i, since S^ i x / is simple homotopy 
equivalent to i and hence tj^^{M) is trivial. 

6.5. Appendix: Application of torsion-degree functions to Aut F^""^. In |[T8l, we defined the 

Magnus representation : Aut F^^ GL{n, IC^^^i^Fn)) for Aut F^'^^, where F^^ is a comple- 
tion of Fn in a certain sense and is called the acyclic closure of F„. The natural map F„ — > F^'^^ 
is known to be injective and 2-connected. In particular, Nk(Fn) = Nk{F^^^), and we denote 
it briefly by A^^ in this subsection. AutF^'^^ can be regarded as an enlargement of AutF„. 
Indeed we have the enlarged Dehn-Nielsen homomorphism a'^'^^ : Hg^i Aut F2g^ extending 
the classical one a : Mg,i ^ Aut F2g. That is, we have the commutative diagram 

AutFsg Ant F^g^ 

Note that a^^^ is not injective. The Magnus representation for homology cylinders is nothing 
other than the composite Hg^i ^ Aut F^^ -A GL{2g, /CjvJ- 

We now consider the map d%^ o : AutF^'^ Z for ^ G PH\Fn), where PH\Fn) 
denotes the set of primitive elements of H^{Fn). Since dff^{A) = for A G GL{ZNk), it 
follows that dtr o Tkl , r. is trivial. When n = 2q, dtr o rJ-, is also trivial as seen in 
Theorem 16.11 On the other hand, d%^ o is actually non-trivial on Aut F^"^^ as we will see 
below. Since rk is a crossed homomorphism, we have the following. 

Proposition 6.17. For f,g e Aut F^''^ and ip G PH^{Fn), we have 

In particular, if we restrict d%^ o to lAut F^^ := Ker(Aut F^^ Aut N2 = GL{n, Z)), it 
becomes a homomorphism. 

Remark 6.18. Aut F^^^ acts on PH^{Fn) from the right, and hence acts on Map(Pif^(F„), Z) 
from the left. We regard d'^^^ (r^ ( ■ ) ) as a map Aut F^^^ Map{PH^ , Z) . Then Proposition 
[QTl shows that djy^{rk{-)) is a 1-cocycle in G\Ant F^^, Map{PH^{Fn), Z)). We can see that 
it is non-trivial in i7^(Aut F^^^, Map{PH\Fr^), Z)) from the proof of Theorem [6l9] below. 

Theorem 6.19. For every n > 2, lAut F^''^ is not finitely generated. In fact, Hi{lAnt F^''^) 
has infinite rank. 

Proof. Let F„ = (a;i, X2, ■ ■ ■ , a;„). We take ^ := a;* G PH^(Fn). Consider the endomorphism 
fk of Fn given by 

/fc(xi) = xi[Yk-i,Yk], fk{xi) = Xi fori > 2, 
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where we define Yi = xi and Yi = [x2, Yi^i] for / > 2. Since fk is 2-connected, it induces an 
automorpliism of F^^^ (see iTTSl Section 4]). We denote it by fk again. It belongs to lAut F^'^^. 
For such an automorphism, the Magnus matrix ri{fk) can be computed by using free differen- 
tials. That is, we have 



/ u 1 „_1 \ 



riifk 



dx 
dfjxi) 
8x2 



(l,n-l) 
In-1 



dXn 



J 



dxi 



deg 



dxi 



at ZNk. Then <(n(/fc)) = deg^(det(n(/fe))) = deg 
computation, we have 

When 2 < / < /c - 1, we have Y^-i = Y^ = 1 e Ni, so that 

<(r/(/fc)) = deg'^ (^) = deg'^(l) = 0. 
When I = k,we have F^-i 7^ 1 ^ so that 

1 + xiiYk^i - 1)1^ = 1 + x,{Yk-i - 1){X2 - Yk)^ 
■ ■ ■ = 1 + Xi{Yk-i - 1)(X2 - Yk){x2 - Ife-i) • • ■ (xs - Fa), 



By a direct 



dfjxi) 
dxi 



and 



This shows that {d% {rk{-))}k>2 are all non-trivial, and independent of each other. Our claim 




follows from this. 



□ 
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